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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract 
A new cohesive contact model coupling the interfacial damage and the Coulomb friction is presented from the mathematical and 
engineering points of view. The formulation of the Cohesive Interface Model (CIM) predicts the interface damage assuming the 
frictional contact between debonded surfaces. The contribution discusses the role, influence and the intensity of the friction in the 
proce s of he interface debonding in two subsequent fracture effects: the crack initiation and the crack propagation. A concept of 
an energy-based formulation is applied to model the process of interface debonding. The numerical solution is approximated by a 
time stepping pr cedure and it has been impl ment d in the Symmetric Galerkin Bou dary Element Method c de. The developed 
contact model has been applied in Fibre-Reinforced Composite (FRC) and the achieved results prove the impact of the friction on 
the debonding process in FRC. 
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1. Interface contact model 
The actual trends in development of composite aterials, proves that the analysis of the fibre-matrix debonding 
process is one of the crucial aspects in prediction of delamination in the fibre-reinforced composites. One of the most 
efficient ways for the n merical mod lling of the interface damage, espec ally the crack onset and growth, is by 
applying of the contact models at the fibre-matrix interface. The problem of the interface debonding of the single 
inclusion has been studied in detail in the works of Mantič (2009), Mantič and García (2012) and Correa et al. (2008). 
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This approach considers the so-called Linear-Elastic Brittle Interface Model (LEBIM) which is based on the linear 
isotropic elastic behaviour of the interface, see Távara et al. (2011). Another possibility in definition of the interface 
contact between fibre inclusions and epoxy matrix is to assume the fibre-matrix interface more ductile, which allocates 
some softening response of the interface during the loading process. This approach thus refers to the Cohesive 
Interface Models (CIM) that enables to study the problems of the crack initiation and the crack propagation more 
preciously than LEBIM model, see Kushch et al. (2008). The frequent phenomenon occurring in the zones of the 
mutual contact of solids is the friction effect. The assuming of the friction at the interface can significantly affect the 
stress flows between the inclusions in the tangential direction of the interface. At the interfaces where the influence 
of the shear forces is significant, the friction initiates. In order to capture the real response at the interface of composite 
structure, we have implemented the friction in the formulation of the interface contact, see Subsection 1.2. The work 
is related with the previous work of authors where the problem of the fibre-matrix debonding, coupling the interface 
damage and the friction has been studied for the LEBIM and CIM model, see Kšiňan et al. (2014), Kšinan and Vodička 
(2016). 
 
Nomenclature 
dG   interface fracture energy 
fricG   energy dissipated due to the friction 
R          dissipation potential  
SE         stored energy functional  
 f  damage dependent friction function  
   interface damage parameter  
1.1. Frictional energy dissipation 
The investigation of the interface damage mechanism is a crucial aspect in development and prediction of 
debonding process in engineering practice. A new mathematical model to combine the interface damage and the 
friction in a cohesive-zone model is proposed. In this paper, a numerical model able to predict interface damage 
considering the Coulomb friction contact between debonded surfaces is developed and implemented. The effect of the 
gradual increase of friction represents the natural outcome of the gradual decrease of the interface damage parameter 
 , from the initial state to the complete decohesion similarly as in Del Piero and Raous (2010), Raous (2011). The 
process of damage initiation and evolution has been defined by the CIM, which is defined for the damage evolution 
and for the friction, the simple Coulomb friction law is adopted. The solution of the contact problem is based on the 
evolution of energies during the loading process: the elastic energy stored in the bulks and the energy dissipated due 
to friction. The interpretation of the Coulomb law in the formulation of the energy dissipation potential is represented 
by damage dependent friction function  f , see Kšinan and Vodička (2016). The problem arises when the contact 
traction in the dissipation functional R  is approximated, hence from the mathematical point of view it is more 
convenient to express the traction vector t  in terms of displacements. The solution of the contact problem is given by 
the energy evolution during the loading process: the elastic energy stored at c corresponding to the normal compliance 
penalization condition is given by the integral      d21 2C ng uk , whereas the rate of energy dissipated due to the 
friction is given by the integral: 
 
        d. sng uukfC  ,              where    nn uu   if    0nu and    0nu  otherwise.            (1) 
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On the Fig. 1, it can be observed the influence of the friction for the evolution of CIM. Friction affects the 
continuance of the tangential stress st , where after the reaching of values of the critical stress cst , the friction 
function  f starts to activate and increases continuously until reaches the value of the friction coefficient  , 
simultaneously the damage parameter  starts to decrease until 0 and also the tangential stress during softening 
period decreases until reaches the value nt . On the Fig. 1 the crosshatched area is splitted on the two areas that 
depict the fracture energy dG and the energy dissipated due to the friction fricG . 
 
Fig. 1. The influence of the friction on the evolution of the tangential stress st , damage parameter  and the friction function  f . 
2. Mathematical concept of the debonding process  
This section reviews the mathematical formulation of the energetic approach of interface debonding process for 
CIM interface model covering the interfacial friction contact model. The solution is acquired by the variational 
formulation, which exploits developed numerical treatment, for more details, see Vodička and Mantič (2013), Vodička 
et al. (2014) and Roubíček et al. (2014). 
2.1. Energetic formulation of the interface damage  
To define the energetic conception of the interface damage mechanism, let us consider the energy stored in the 
structure (given by  and c ) obeying the aforementioned type of the interface damage. Let us assume, in the stored 
energy formulation the general formulation of the so-called damage dependent stiffness function   , which is 
induced for the CIM. Consequently, we can express these formulations for the normal and tangential direction, 
respectively in the form:    
       ., 2121 sssnnn kkkk       (2) 
Then the stored energy functional is defined as 
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with the admissible displacement   wu   on u  and the small strain tensor  .  u  The first two integrals, 
representing the elastic strain energy in the adjacent subdomains   are expressed in their boundary form.  
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Let t and  u denote the traction and relative displacement vectors at the contact zone C , with nt  and st being the 
normal and shear stresses and  nu and  su the normal and tangential relative displacement, e.g.     AABn nuuu .  is 
defined at the contact zone. Similarly, the relative tangential displacement  su  can also be  defined.  
The potential energy of external forces  (acting along the boundary): 
  .d.d.,    BtAt BBAA ufufuF     (4) 
The dissipation potential R can be defined by the following functional and which reflects the rate-independence of 
the debonding process. 
           C dsng GuukfuuR ,d.;;      (5) 
where     f0  is a dimension function characterizing the switch between the interface shear stresses due to 
cohesive and friction forces. Function  f  is increasing with decreasing damage parameter  . The main feature of 
the proposed model is that the energy functional is separately quadratic both in the  u  and  variable. This fact 
enables to apply quadratic programming algorithms for solving the minimization problem, see Dostál (2009). 
3. Numerical example 
This section discusses the aforementioned mathematical concept of a quasi-static evolution of the introduced 
contact model (CIM) analysed numerically by a SGBEM code, implemented in MATLAB. A numerical model  of the 
fibre-reinforced composite in presence of friction contact is tested in a plane strain problem of the crack initiation and 
the crack propagation at the fibre-matrix interface under remote tension. In order to clarify the impact of the friction 
on the proces of fibre-matrix debonding, the numerical model assumes three different values of the friction coefficient. 
The main objective of the study is to present the capabilities of the developed procedure and to compare the solutions 
obtained by the CIM, in order to capture the influence of the friction in the tested FRC sample, see Fig. 2. The geometry 
of the fibre composite specimen, see Fig. 2 (right) has been taken from a glass fibre composite micrograph, presented 
in Távara et al. (2016). On the Fig. 2 (left) it can be seen the fibre-matrix debonding problem configuration with the 
orientation of the angle  , denoting the position of elements at each inclusion.  
 
Fig. 2. Fibre-matrix debonding problem configuration (left), Selected fibres taken from a glass fibre composite micrograph under applied far field 
tension load (right). 
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3.1. Model description and parameter statement  
  The 2D fibre-reinforced composite model is represented by a bundle of ten infinitely long circular fibre inclusions 
101  with radius μm5.7r  located inside a relatively large square matrix with cell of the side length 
μm1000L , see Fig. 3.  The tested composite model is subjected to the tension transverse to the fibres and is fixed 
along its bottom face to a rigid foundation. Prescribed uniform displacements originating a tension load prescribed at 
the top side of the matrix cell as can be clear from the Fig. 3 (right). The prescribed displacements 2w are applied on 
the top side of the matrix cell kk utw 2 for 120,2,1 k  with the increment of the external displacement 
μm1.0u  and 0ktt k  , 10 t s.    
 
Fig. 3. Bundle of ten fibres embedded in an infinite matrix under transverse tension. Geometry and boundary conditions (left), Numerical model 
obtained by applying symmetries and prescribed displacements (right). 
The first-increment of the vertical displacement 2w  is further multiplied by a loadstep factor, changing from the 
initial value k=1. Totally has been considered  120k  load steps. At the fibre-matrix interface it has been considered 
90 boundary elements for each inclusion and the element mesh density has been assumed for each 4 . The numerical 
model assumes a bimaterial study that consists of epoxy matrix (m) and glass fibre (f). The elastic properties of matrix 
and fibre, respectively, are Young’s modulus 79.2mE GPa, 8.70fE GPa and Poisson’s ratios 33.0m , 
22.0f . The interface stiffness parameters for the CIM are defined by parameters 2025nk  MPa/m and 
675nk  MPa/m. In the both the normal and the tangential stiffnesses were split into two parts according to the 
relations: 21 nnn kkk  , 21 sss kkk  , nn kk  01.01 , nn kk  99.02 , ss kk  01.01 , ss kk  99.02 . The 
proposed contact model requires also the interface stiffness penetration parameter to be set ng kk 100 . The 
parameter that designates the interface damage (crack onset and growth) is the decohesion energy 2dG Jm-2 that 
corresponds to the critical value of the mechanical stress MPa8.63nct . In total, three numerical tests have been 
investigated of the fibre-matrix contact with three different values of the friction coefficient: 1and5.0,0   . 
3.2. Numerical results  
The process of the fibre-matrix debonding starts at the fibre No. 5 and in consequence of the stress redistribution, 
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of the fibre composite specimen, see Fig. 2 (right) has been taken from a glass fibre composite micrograph, presented 
in Távara et al. (2016). On the Fig. 2 (left) it can be seen the fibre-matrix debonding problem configuration with the 
orientation of the angle  , denoting the position of elements at each inclusion.  
 
Fig. 2. Fibre-matrix debonding problem configuration (left), Selected fibres taken from a glass fibre composite micrograph under applied far field 
tension load (right). 
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3.1. Model description and parameter statement  
  The 2D fibre-reinforced composite model is represented by a bundle of ten infinitely long circular fibre inclusions 
101  with radius μm5.7r  located inside a relatively large square matrix with cell of the side length 
μm1000L , see Fig. 3.  The tested composite model is subjected to the tension transverse to the fibres and is fixed 
along its bottom face to a rigid foundation. Prescribed uniform displacements originating a tension load prescribed at 
the top side of the matrix cell as can be clear from the Fig. 3 (right). The prescribed displacements 2w are applied on 
the top side of the matrix cell kk utw 2 for 120,2,1 k  with the increment of the external displacement 
μm1.0u  and 0ktt k  , 10 t s.    
 
Fig. 3. Bundle of ten fibres embedded in an infinite matrix under transverse tension. Geometry and boundary conditions (left), Numerical model 
obtained by applying symmetries and prescribed displacements (right). 
The first-increment of the vertical displacement 2w  is further multiplied by a loadstep factor, changing from the 
initial value k=1. Totally has been considered  120k  load steps. At the fibre-matrix interface it has been considered 
90 boundary elements for each inclusion and the element mesh density has been assumed for each 4 . The numerical 
model assumes a bimaterial study that consists of epoxy matrix (m) and glass fibre (f). The elastic properties of matrix 
and fibre, respectively, are Young’s modulus 79.2mE GPa, 8.70fE GPa and Poisson’s ratios 33.0m , 
22.0f . The interface stiffness parameters for the CIM are defined by parameters 2025nk  MPa/m and 
675nk  MPa/m. In the both the normal and the tangential stiffnesses were split into two parts according to the 
relations: 21 nnn kkk  , 21 sss kkk  , nn kk  01.01 , nn kk  99.02 , ss kk  01.01 , ss kk  99.02 . The 
proposed contact model requires also the interface stiffness penetration parameter to be set ng kk 100 . The 
parameter that designates the interface damage (crack onset and growth) is the decohesion energy 2dG Jm-2 that 
corresponds to the critical value of the mechanical stress MPa8.63nct . In total, three numerical tests have been 
investigated of the fibre-matrix contact with three different values of the friction coefficient: 1and5.0,0   . 
3.2. Numerical results  
The process of the fibre-matrix debonding starts at the fibre No. 5 and in consequence of the stress redistribution, 
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the lateral crack propagates to the fibre No. 4 and No. 6. The first crack nucleation (for all of the models with friction 
coefficients 1and5.0,0   ) has been observed at the fibre No. 5 for the loadstep 105k  at the angle 
.105:   Consequently, the second interface debonding process has been observed for the inclusion No. 4 in the 
loadstep 108k  at the angle 98: and the third crack onset has evolved for the inclusion No. 6 in the loadstep 
114k  at the angle  .311287:    The same evolution of the debonding process have occcured for  all of the 
models . The crack nucleation process starts when the part of the interface reaches the required amount of the stored 
energy per unit length dG that corresponds to the critical value of the normal stress MPa8.63nct , such damage 
parameter   decreases from 1 to 0 continuously until the total breakage of the interface part has been occurred. At 
these zones the stresses  sn tt ,  gradually decrease with the reducing stiffness of the interface until the state of 0 , 
see Fig. 5. The Fig. 5 presents the distributions of the tractions sn tt , , damage parameter and the evolution of the 
fibre-matrix debonding along the interface for the fibre No. 4 at the loadstep 120k for all of the models. From the 
Fig. 5 it is conspicuous that the friction has influenced the distributions of the tangential tractions st and also the 
locations of the interface crack tips. It is noteworthy to mention that for the model with 0  at the zone before the 
crack tip   178167: , the tangetial tractions are zero, whereas for the models with 5.0  and 1  the friction 
has affected the distribution of the tangential stresses. In the investigated area   178167:  the normal tractions 
acquire the negative values and in consequence of decreasing of damage parameter  , the friction function  f  has 
been activated until the treshold   has not been reached, such the condition for the activation of the energy dissipation 
term due to the friction (1) is satisfied. The friction has a relevant influence on the location of the crack tips and on 
the evolution of the debonding process along the interface. It is conspicuous from the Fig. 5  that at the fibre No. 4, 
for the loadstep 120k  the crack tips for the model with friction coefficient 1  are located in the area 4:c1 -
182:c2 , whereas for the models with coefficients 5.0  and 1   the debonded zone is located at 4:c1 -
.186:c2  Such  for the models with coefficients 5.0  and 0  the  lateral debonds on the inclusion No. 4 are 
developing sooner than for the model with coefficient 1 . This effect can be caused by the presence of the friction 
at the interface, which causes the slower process of the crack propagation and also the different location of the crack 
tip. On the Fig. 6 it can be observed the evolution of the deformed shapes of the debonding problem for 4 different 
load steps for the model with friction coeffcient 1 . For all of the models the main feature is that the process of 
debonding starts for the fibre No. 5 and in consequence of the stress redistribution the lateral crack starts to propagate 
to the fibre No. 4, No. 6 and No. 1.  
 
Fig. 4. Distributions of the stresses ns tt , ,damage parameter (left) and the evolution of  interface debonding (right) , for the fibre No. 5, for 
the model with  coefficient  1 . 
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Fig. 5. Distributions of the stresses ns tt , , damage parameter (left)  and the evolution of  interface debonding (right) for the fibre No. 4, for all 
of the models at the time step  120k . 
 
Fig. 6. Evolution of the deformed shapes, at the scale of the fibers multiplied by a factor of five, corresponding to the four different load steps for 
the CIM model with friction coefficient 1 . 
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the lateral crack propagates to the fibre No. 4 and No. 6. The first crack nucleation (for all of the models with friction 
coefficients 1and5.0,0   ) has been observed at the fibre No. 5 for the loadstep 105k  at the angle 
.105:   Consequently, the second interface debonding process has been observed for the inclusion No. 4 in the 
loadstep 108k  at the angle 98: and the third crack onset has evolved for the inclusion No. 6 in the loadstep 
114k  at the angle  .311287:    The same evolution of the debonding process have occcured for  all of the 
models . The crack nucleation process starts when the part of the interface reaches the required amount of the stored 
energy per unit length dG that corresponds to the critical value of the normal stress MPa8.63nct , such damage 
parameter   decreases from 1 to 0 continuously until the total breakage of the interface part has been occurred. At 
these zones the stresses  sn tt ,  gradually decrease with the reducing stiffness of the interface until the state of 0 , 
see Fig. 5. The Fig. 5 presents the distributions of the tractions sn tt , , damage parameter and the evolution of the 
fibre-matrix debonding along the interface for the fibre No. 4 at the loadstep 120k for all of the models. From the 
Fig. 5 it is conspicuous that the friction has influenced the distributions of the tangential tractions st and also the 
locations of the interface crack tips. It is noteworthy to mention that for the model with 0  at the zone before the 
crack tip   178167: , the tangetial tractions are zero, whereas for the models with 5.0  and 1  the friction 
has affected the distribution of the tangential stresses. In the investigated area   178167:  the normal tractions 
acquire the negative values and in consequence of decreasing of damage parameter  , the friction function  f  has 
been activated until the treshold   has not been reached, such the condition for the activation of the energy dissipation 
term due to the friction (1) is satisfied. The friction has a relevant influence on the location of the crack tips and on 
the evolution of the debonding process along the interface. It is conspicuous from the Fig. 5  that at the fibre No. 4, 
for the loadstep 120k  the crack tips for the model with friction coefficient 1  are located in the area 4:c1 -
182:c2 , whereas for the models with coefficients 5.0  and 1   the debonded zone is located at 4:c1 -
.186:c2  Such  for the models with coefficients 5.0  and 0  the  lateral debonds on the inclusion No. 4 are 
developing sooner than for the model with coefficient 1 . This effect can be caused by the presence of the friction 
at the interface, which causes the slower process of the crack propagation and also the different location of the crack 
tip. On the Fig. 6 it can be observed the evolution of the deformed shapes of the debonding problem for 4 different 
load steps for the model with friction coeffcient 1 . For all of the models the main feature is that the process of 
debonding starts for the fibre No. 5 and in consequence of the stress redistribution the lateral crack starts to propagate 
to the fibre No. 4, No. 6 and No. 1.  
 
Fig. 4. Distributions of the stresses ns tt , ,damage parameter (left) and the evolution of  interface debonding (right) , for the fibre No. 5, for 
the model with  coefficient  1 . 
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Fig. 6. Evolution of the deformed shapes, at the scale of the fibers multiplied by a factor of five, corresponding to the four different load steps for 
the CIM model with friction coefficient 1 . 
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Conslusions 
A simple 2D numerical model of the fibre-matrix contact has been analysed in order to investigate the process of 
crack onset and growth in the area of fibre-matrix composite sample subjected to transversal tension load. The 
influence of the friction has been implemented by the damage dependent friction function which designates the 
activation of friction with respect to the decreasing interfacial stiffness. The obtained results confirm the certain 
influence of the friction effect on the fibre-matrix debondig and its evolution. The numerical implementation of spatial 
discretization via SGBEM enables the whole problem to be defined only by a boundary and interface data. Developed 
numerical model confirms the models response in accordance with another studies of the fibre-matrix debonding and 
asses its applicability in the area fibre-reinforced composite materials.  
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